Abstract. This paper concerns the analysis of a Markovian queueing system with Bernoulli feedback, single vacation, waiting server and impatient customers. We suppose that whenever the system is empty the sever waits for a random amount of time before he leaves for a vacation. Moreover, the customer's impatience timer depends on the states of the server. If the customer's service has not been completed before the impatience timer expires, the customer leaves the system, and via certain mechanism, impatient customer may be retained in the system. We obtain explicit expressions for the steady-state probabilities of the queueing model, using the probability generating function (PGF). Further, we obtain some important performance measures of the system and formulate a cost model. Finally, an extensive numerical study is illustrated.
Introduction
Queueing models with vacations have a great impact in many real life situations, such models occur naturally in different fields such as computer and communication systems, flexible manufacturing systems, telephone services, production line systems, machine operating systems, post offices, etc. Over the past few decades, vacation queueing systems have paid attention of many researchers, excellent surveys on queueing systems with vacations can be found in Doshi [9] and Takagi [16] and in the monographs of Tian [17] and Ke [11] . In recent years, there has been gowning interest in the study of queueing systems with impatient customers (balking and reneging). For related literature, interested readers may refer to Shin and Choo [15] , El-Paoumy and Nabwey [10] , Kumar et al. [12] , Kumar and Sharma [13] , Bouchentouf et al. [7] , Baek et al. [6] , Bouchentouf and Messabihi [8] and references therein.
The studies of queueing models with impatient customers were ranked depending on the causes of the impatience behavior. In queueing literature, models where customers may be impatient because of server vacations have been extensively analyzed. Yue [20] presented the optimal performance analysis of an M/M/1/N queueing system with balking, reneging and server vacation. Altman and Yechiali [2] gave the analysis of some queueing models such as M/M/1, M/G/1 and M/M/c queues with server vacations and customer impatience, both single and multiple vacation cases were studied. Further, Altman and Yechiali [3] investigated the infinite server queue with vacations and impatient customers. They obtained the probability generating function of the number of customers in the model and derived the performance measures of the system. Queueing systems with vacations and synchronized reneging have been done by Adan et al. [1] . Wu and Ke [19] presented computational algorithm and parameter optimization for a multi-server system with unreliable servers and impatient customers. Later, the model given in Altman and Yechiali [2] were extended by Yue et al. [21] by considering a variant of the multiple vacation policy which includes both single vacation and multiple vacations. In Padmavathy et al. [14] , authors studied the steady state behavior of the vacation queues with impatient customers and a waiting server. Further, the transient solution of a M/M/1 multiple vacation queueing model with impatient customers has been investigated by Ammar [4] . Then, a study of single server Markovian queueing system with vacations and impatience timers which depend of the state of the server was presented in Yue et al. [22] . Recently, in Ammar [5] , author established the transient solution of an M/M/1 vacation queue with a waiting server and impatient customers.
The main objective of this article is to study an M/M/1 vacation queueing system with Bernoulli feedback, waiting server, reneging, and retention of reneged customers. It is supposed that whenever the busy period ended the server waits a random duration of time before beginning on a vacation. Moreover, we assume that the impatience timers of customers depend on the server's states. We obtain the steady-state solution of the queueing model, using the probability generating function (PGF). Further, we give explicit expressions of useful measures of effectiveness and formulate a cost model. Then, we present a sensitive numerical experiments to illuminate the interests of our theoretical results and to show the impact of the diverse parameters on the behavior of the system. Finally, an appropriate economic analysis is carried out numerically.
The model analyzed in this paper has a number of applications in practice. In most studies cited earlier, authors considered that the server leaves the system once the system is empty, but in many practical life situations the server waits a certain period of time before he leaves the system even if there is no customers, especially when we deal with a human behavior, examples can be found in post offices, banks, hospitals, etc.
Further, our study has another great scope, in most studies mentioned in the above literature, the basis of the research is the supposition that customers may be impatient because of server vacations. However, there are many situations where the customer can become impatient due to the long wait in the queue even if the server is present in the system, another example when the customer may leave the system during busy period is when he cannot see the server state, these situations can be found in telecommunication systems, call centers and production inventory systems.
The rest of the paper is organized in the following manner. In Section 2, we describe the model. In Section 3, we present the stationary analysis for the queueing model. In Section 4, we obtain different performance measures and formulate a cost model. Section 5 presents numerical results in the form of Tables and Figures. Finally, in Section 6 we conclude the paper.
System model
Consider a M/M/1 vacation queueing model with Bernoulli feedback, waiting server, reneging and retention of reneged customers. The model studied in this paper is based on following assumptions:
* Customers arrive into the system according to a Poisson process with arrival rate λ, the service time is assumed to be exponentially distributed with parameter µ. The service discipline is FCFS and there is infinite space for customers to wait. * When the busy period is finished the server waits a random duration of time before beginning on a vacation. This waiting duration is exponentially distributed with parameter η.
* If the server comes back from a vacation to an empty system he waits passively the first arrival, then he begins service. Otherwise, if there are customers waiting in the queue at the end of a vacation, the server starts immediately a busy period. That is single vacation policy. The period of vacation has an exponential distribution with parameter γ.
* Whenever a customer arrives at the system and finds the server on vacation (respectively. busy), he activates an impatience timer T 0 (respectively. T 1 ), which is exponentially distributed with parameter ξ 0 (respectively. ξ 1 ). If the customer's service has not been completed before the impatience timer expires, the customer may abandon the queue. We suppose that the customers timers are independent and identically distributed random variables and independent of the number of waiting customers.
* Each reneged customer may leave the system without getting service with probability α and may be retained in the system with probability α = (1−α).
* After completion of each service, the customer can either leave the system definitively with probability β or return to the system and join the end of the queue with probability β , where β + β = 1.
Stationary analysis
In this section, we use the probability generating function (PGF) to obtain the steady-state solution of the queueing system. Let L(t) be the number of customers in the system at time t, and J(t) denotes the state of the server at time t such that J(t) = 1, when the server is in a busy period; 0, otherwise.
Clearly, the process {(L(t); J(t)); t ≥ 0} is a continuous-time Markov process with state space Ω = {(j, n) : j = 0, 1, n = 0, 1, ...}.
denote the system state probabilities.
Then, the steady-state balance equations of our model are given as follows:
(λ + βµ + nαξ 1 ) P 1,n = λP 1,n−1 + γP 0,n + (βµ + (n + 1)αξ 1 )P 1,n+1 ,
Theorem 1 If we have a single server Bernoulli feedback queueing system with single vacation, waiting server, server's states-dependent reneging and retention of reneged customers, then 1. The steady-state probability P 0,. is given by
2. The steady-state probability P 1,. is given by
where
K 0 (z) = 
Then, multiplying Equation (2) by z n , using Equations (1) and (3) and summing all possible values of n, we get
with
In the same manner, from Equations (3) and (4) we obtain
Next, let Γ = δ 1 P 00 + δ 2 P 11 . Then, for z = 1, Equation (8) can be rewritten as follows
Multiplying both sides of Equation (10) by e −λ αξ 0 (1 − z) γ αξ 0 , then integrating from 0 to z, we obtain
Since G 0 (1) = ∞ n=0 P 0,n > 0 and z = 1 is the root of the denominator of the right hand side of Equation (11), so z = 1 must be the root of the numerator of the right hand side of Equation (11). Thus, we get
This implies
Consequently
Next, substituting Equation (13) into (11), we obtain
For z = 1 and z = 0, Equation (9) can be rewritten as follows
Then, we multiply both sides of Equation (17) by e
Integrating from 0 to z, we have
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Using Equation (14) and substituting Equation (16) into (19), we get
Next, putting z = 1 in Equation (8), we get the probability that the server is on vacation, P 0,.
And, putting z = 1 in Equation (21), we find the probability that the server is in busy period,
From Equation (3), it yields
Substituting Equation (25) into (24), we have
Next, substituting Equation (15) into (23), we get (5). Then, substituting Equation (15) into (26), we obtain (6).
Finally, using the normalizing condition
which is equivalent to P 0,. + P 1,. = 1.
And substituting Equations (15), (23) and (26) into (27), we find (7) 4 Performance measures and cost model
Performance measures
In this subpart useful performance measures are presented. * The probability that the server is in a busy period (P B ).
P(Busy period) = P B = P 1,. . * The probability that the server is on vacation (P V ).
P(Vacation period) = P V = 1 − P(Busy period). * The probability that the server is idle during busy period (P I ).
P I = P 1,0 . * The average number of customers in the system when the server is taking vacation (E(L 0 )).
From Equation (8), using L'Hopital rule, we have
. * The average number of customers in the system when the server is in busy period (E(L 1 )).
From Equation (9), using L'Hopital rule, we get
). * The mean waiting time of a customer in the system (W s ).
* The expected number of customers served per unit of time (E cs ).
E cs = βµ(P 1,. − P 1,0 ). * The average rates of reneging and retention of impatient customers during vacation period.
. * The average rates of reneging and retention of impatient customers during busy period.
Thus, * The average rate of abandonment of a customer due to impatience (R ren ).
R ren = R ren 0 + R ren 1 . * The average rate of retention of impatient customers (R ret ).
Cost model
This subpart is devoted to develop a model for the costs incurred in the queueing system using the following symbols:
• C 1 : Cost per unit time when the server is working during busy period.
• C 2 : Cost per unit time when the server is idle during busy period.
• C 3 : Cost per unit time when the server is on vacation.
• C 4 : Cost per unit time when a customer joins the queue and waits for service.
• C 5 : Cost per service per unit time.
• C 6 : Cost per unit time when a customer reneges.
• C 7 : Cost per unit time when a customer is retained.
• C 8 : Cost per unit time when a customer returns to the system as a feedback customer. Let * R be the revenue earned by providing service to a customer. * Γ be the total expected cost per unit time of the system. Γ = C 1 P B + C 2 P I + C 3 P V + C 4 E(L q ) + C 6 R ren + C 7 R ret + µ(C 5 + β C 8 ). * ∆ be the total expected revenue per unit time of the system. ∆ = Rµ(1 − P V − P 1,0 ). * Θ be the total expected profit per unit time of the system.
5 Numerical analysis
Impact of system parameters on performance measures
Different performance measures of interest computed under different scenarios are given. These measures are obtained by using a MATLAB program coded by the authors. To illustrate the system numerically, the values for default parameters are considered using the following cases
• Table 1 : λ = 1.00 : 0.05 : 1.45, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 2 : λ = 1.50, µ = 2.00 : 0.40 : 5.60, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 3 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50 : 0.05 : 0.95, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 4 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85 : 0.05 : 1.30, β = 0.50, and α = 0.50.
• Table 5 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10 : 0.05 : 0.55, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 6 : λ = 1.50, µ = 2.00, η = 0.10 : 0.05 : 0.55, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 7 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.10 : 0.10 : 1.00, and α = 0.50.
• Table 8 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.10 : 0.10 : 1.00. Table 1 it is clearly seen that with the increases of the arrival rate λ, P 0,0 and P V decrease, while P B increases. Thus, the mean number of customers in the system during the busy period E(L 1 ) increases significatively, which leads to an increase in the number of customers served E cs . Moreover, E(L 0 ) is not monotone with λ, while W s increases as the arrival rate increases, this implies an increases in the average reneging and retention rates R ren and R ret . * According to Table 2 we see that along the increases of the service rate µ, P 0,0 , P V , E(L 0 ) and E cs increase, whereas P B and E(L 1 ) both decrease, as it should be expected. Moreover, with the increase in µ, the mean waiting time of a customer in the system W s deceases, this leads to a decrease in R ren and R ret . Obviously, the higher the service rate, the smaller the average rate of abandonment and the larger the number of customers served.
General comments * From
* From Table 3 we remark that when the reneging rate during vacation period ξ 0 increases, P B , W s , E(L 0 ) and E(L 1 ) decrease, while P 0,0 , P V , R ren and R ret increase. Consequently, E cs decreases. As intuitively expected, the bigger the rate of reneging, the smaller the number of customers served. Table 2 : Performance measures vs. µ Table 4 , we observe that along the increases of the reneging rate during busy period ξ 1 , P B , E(L 1 ) and W s decrease, this leads to a decrease in E cs . Further, as expected, the increasing of ξ 1 implies an increase in P 0,0 , P V , E(L 0 ), R ren and R ret .
* Table 5 illustrates that P B increases with increasing values of the vacation rate γ, while P 0,0 is not monotonic with γ. Further, P V , W s , E(L 0 ) and E(L 1 ) decrease with the increase of γ, this implies an increase in E cs . On the other hand, R ren and R ret decrease significantly as the vacation rate increases, which agrees with the intuitive expectation; the higher the rate of vacation, the bigger the probability of busy period and the greater the number of customers served. Table 6 , it is clearly observed that with the increase in the waiting server rate η, the probability of busy period P B decreases which leads to a decrease in the mean number of customers served E cs ; this is because W s , P V and E(L 0 ) increase with η, which implies an increase in R ren , R ret and P 0,0 . On the other hand the number of customers in the system during busy period E(L 1 ) increases; the reason is that the size of the system during vacation period becomes large with η. Table 6 : Performance measures vs. η Table 7 , we see that P B and W s both decrease with increasing values of β. Further, as expected, P 0,0 , P V and E(L 0 ) increase as β increases, whereas E(L 1 ) decreases with increasing values of β; this is because the mean system size during vacation period increases with β. Further, it is well shown that R ren and R ret both decrease along the increasing of non-feedback probability β, which results in the increase of E cs . Table 8 . As intuitively expected, along the increase of α, P B and E(L 1 ) decrease, while P V increases as α increases. Further, E(L 0 ) is not monotonic with the probability of non-retention. Moreover, W s and R ret both decrease with increasing of α whereas R ren increases with the probability α, this leads to a decrease of E cs . This is quite reasonable; the smaller the probability of retaining impatient customers, the larger the average rate of reneged customers and the smaller the number of customers served.
Economic analysis
In this subpart, a sensitive economic analysis of the model is performed numerically and the results are discussed appropriately.
We present the variation in total expected cost, total expected revenue and total expected profit with the change in different parameters of the system. For the whole numerical study we fix the costs at C 1 = 5, C 2 = 3, C 3 = 5, C 4 = 3, C 5 = 4, C 6 = 3, C 7 = 2, C 8 = 2, and R = 50.
Impact of arrival rate λ
We examine the impact of λ by keeping all other variables fixed, to this end we take λ = 1.00 : 0.05 : 1.45, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50. Results of the analysis are summarized in Table 9 and Figure 1. Following the obtained results we observe that Γ, ∆, and Θ all increase with the increasing of the arrival rate λ. This result agrees with our intuition; the number of the customers in the system increases with the increasing of λ, therefore a large number of customers is served. Consequently, the total expected profit increases.
Impact of service rate µ
To check the impact of service rate µ, the values of the parameters are chosen as follows: λ = 1.50, µ = 2.00 : 0.40 : 5.60, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50. According to Table 10 and Figure 2 we see that Γ and ∆ increase with increasing values of µ, this generates an increase in Θ. This result makes perfect sense, the higher the service rate, the greater the total expected profit of the system. Impact of reneging rates ξ 0 and ξ 1 Let's study the effect of reneging rates in vacation and busy periods ξ 0 and ξ 1 , to this end we consider the following cases • Table 11 : λ = 1.50, µ = 2.00, η = 0.10, γ = 1.00, ξ 0 = 2.00 : 0.50 : 6.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
• Table 12 : λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85 : 0.05 : 1.30, β = 0.50, and α = 0.50. From Tables 11 and 12 and Figures 3 and 4 we observe that Figure 4 : Γ, ∆ and Θ vs. ξ 1 * As expected, along the increasing of ξ 0 , Γ increases while Θ and ∆ decrease with ξ 0 , this is because the average rate of reneged customers increases with ξ 0 . Therefore the number of customers served decreases, which results in the decrease of the total expected profit.
* With the increase of ξ 1 , ∆ decreases, while Γ is not monotonic with the parameter ξ 1 . Further, Θ decreases with the increasing values of the impatience rate, this is because the number of customers in the system decreases with ξ 1 , this implies a decrease in P B which results in the decrease of E cs .
Impact of vacation rate γ
To examine the impact of the vacation rate γ on the total expected profit, we take λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10 : 0.05 : 0.55, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50.
From Table 13 and Figure 5 it is easily seen that the increases of the vacation rate γ implies a decrease in Γ and a considerable increase in ∆ and Θ. This is quite explicable; as γ increases the vacation duration decreases and the server switches to busy period during which customers are served. This leads to a significant increase in the total expected profit. Impact of waiting rate of a server η
Here, we examine the sensitivity of the total expected profit versus the waiting server rate η. For this case, we put λ = 1.50, µ = 2.00, η = 0.10 : 0.05 : 0.55, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.50. The numerical results are presented in Table 14 and Figure 6 . From the obtained results we remark that with the increase in η, total expected cost Γ increases, while ∆ and Θ monotonically decease with the parameter η. This is due to the fact that the probability of busy period during which service is provided decreases with the parameter η. Therefore, the total expected profit decreases considerably. Impact of non-retention probability α
To study the impact of α on the total expect profit, we choose the parameters values as follows: λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.50, and α = 0.10 : 0.10 : 1.00. Table 15 and Figure 7 we observe that the increases of nonretention probability α implies a decrease in Γ, ∆ and Θ. A slight increase is observed in Θ when the parameter α is below a certain value, (α = 0.2). Therefore, we can see that the probability of retaining reneged customers α has a noticeable effect on the total expected profit of the system. This is because the number of customers served increases with the parameter α . Thus, it is quite clear that the probability of retention has a positive impact in the economy.
Impact of non-feedback probability β
Here, we put λ = 1.50, µ = 2.00, η = 0.10, γ = 0.10, ξ 0 = 0.50, ξ 1 = 0.85, β = 0.10 : 0.10 : 1.00, and α = 0.50. The numerical results obtained for this situation are given in Table 16 and Figure 8 . From the obtained results, it is clearly shown that Γ, ∆ and Θ monotonically decrease as non-feedback probability β increases. The reason is that the number of the customers in the system decreases with the increasing of β, which leads to a decrease in the total expected profit.
Conclusion
In this paper we studied an M/M/1 Bernoulli feedback queueing system with single exponential vacation, waiting server, reneging and retention of reneged customers, wherein the impatience timers of customers depend on the states of the server. The explicit expressions of the steady-state probabilities are obtained, using probability generating functions (PGFs).
Useful measures of effectiveness of the queueing system are presented and a cost model is developed. Finally, an extensive numerical study is presented. Our system can be considered as a generalized version of the existing queueing models given by Yue et al. [22] and Ammar [5] associated with several practical situations.
The model considered in this paper can be extended to multiserver queueing system with delayed state-dependent service times, breakdowns and repairs.
